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Topological nodal line semimetals are characterized by the crossing of the conduction and valence bands
along one or more closed loops in the Brillouin zone. Usually, these loops are either isolated or touch each
other at some highly symmetric points. Here, we introduce a new kind of nodal line semimetal, that contains
a pair of linked nodal loops. A concrete two-band model was constructed, which supports a pair of nodal
lines with a double-helix structure, which can be further twisted into a Hopf link because of the periodicity
of the Brillouin zone. The nodal lines are stabilized by the combined spatial inversion P and time reversal T
symmetry; the individual P and T symmetries must be broken. The band exhibits nontrivial topology that each
nodal loop carries a pi Berry flux. Surface flat bands emerge at the open boundary and are exactly encircled by
the projection of the nodal lines on the surface Brillouin zone. The experimental implementation of our model
using cold atoms in optical lattices is discussed.
Introduction.—The recent discovery of topological insu-
lators and superconductors has greatly deepened our under-
standing of the quantum phases of matter [1, 2]. For a gapped
phase, the band topology can be well-described using topolog-
ical invariants in terms of symmetries [3–8]. As the conduc-
tion and valence bands cross each other in the Brillouin zone,
the system enters a semimetal phase. The topology of the gap-
less phase brings totally different stories, which gives rise to
the concept of topological semimetals [9]. In three dimen-
sions, the band crossing that carries nontrivial topology may
occur at discrete points or along closed loops. The former case
corresponds to Weyl/Dirac semimetals [10–13], whereas the
latter case corresponds to topological nodal line semimetals
(TNLSMs) [14]. Weyl and Dirac semimetals [5, 15–21, 23–
27] have both been experimentally confirmed, which has in-
creased research interest in topological semimetals. Now the
latest member of topological semimetals, TNLSM, is wait-
ing for experimental verifications [28]. A variety of candi-
dates have been proposed [29–40], and recent experiments
have shown promising results based on angle-resolved pho-
toemission [40] and quantum oscillations [41, 42] measure-
ments. Nodal lines have been shown to play a key role in
topological field theories in the Brillouin zone [43].
In addition, the topological classification of TNLSMs re-
mains incomplete [6, 28]. Unlike the topology of Weyl and
Dirac semimetals, which can be well-described by a single
topological invariant under proper symmetry protections, the
topology of TNLSM is more subtle [28]. From a simple geo-
metrical perspective, there are two configurations of zero di-
mensional nodal points, in which they are either coincident
or not. In contrast, there are a variety of possible configura-
tions for one dimensional nodal loops. They can (i) be iso-
lated (Fig. 1(a)), (ii) touch at certain points, or (iii) be linked
with each other (Fig. 1(b)). This intrinsic difference may con-
siderably enrich the scenarios of TNLSMs. A typical exam-
ple of the first case is the system described by the minimal
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FIG. 1: (Color online). Topological configurations of two closed
nodal loops: (a) isolated, or (b) forming a Hopf link. (c) Nodal lines
with a double-helix structure, formed by intersecting lines of two
surfaces S1 and S2.
model h(k) = sin kzσx + [M − 4B(sin2 kx2 + sin2 ky2 +
sin2 kz2 )]σz , where two isolated nodal loops lie in two planes
kz = 0, pi. The second case has also been reported; for in-
stance, gyroscope-shaped nodal lines [33, 34] and the recently
predicted non-symmorphic nodal chain metals [44].
In this Rapid Communication, we determined the exis-
tence of a third kind of TNLSM, in which nodal loops are
linked. In contrast to existing TNLSMs, a pair of nodal lines
pass through each other and form a double-helix structure, as
shown in Fig. 1(c). Because of the periodicity of the Brillouin
zone, this double-helix is topologically equivalent to a Hopf
link, carrying a nonzero linking number. Moreover, the band
also possesses nontrivial topology, in which each nodal line
carries a pi Berry flux, which results in novel surface states.
Two-band model with double-helix nodal link.—We con-
structed a tight binding model based on a cubic lattice. This
model can be described in momentum space as follows:
ar
X
iv
:1
70
3.
10
88
6v
2 
 [c
on
d-
ma
t.s
tr-
el]
  1
6 J
un
 20
17
2H(k) = dx(k)σx − dz(k)σz,
dx(k) = sin ky cos kz − sin kx sin kz,
dz(k) = 2 cos kx + 2 cos ky + χ,
(1)
where the Hamiltonian is chosen to be dimensionless for sim-
plicity, the lattice constant is set to unity, σx,y,z are the Pauli
matrices for pseudospin (such as the orbital degree of free-
dom), and χ is a tunable parameter. Our model can also be
formulated with the Hopf map method by designing a specific
mapping form [1–4, 49] (see Supplemental Material [50]).
Diagonalizing the Hamiltonian produces the eigenstates
|u±(k)〉 of the Hamiltonian (1) of opposite energiesE±(k) =
±√d2x + d2z . Degeneracy of the bands occurs when dx(k) =
dz(k) = 0, which defines the nodal lines in the Brillouin zone.
It can be interpreted as the intersecting lines of two surfaces
S1 : dx(k) = 0 and S2 : dz(k) = 0. Here, the nodal lines
form a novel double-helix structure. This becomes explicit at
the limit of kx  1, ky  1, in which the parametric equation
of S1 reduces to ky/kx = tan kz , which describes a helicoid,
while that of S2 becomes k2x + k2y = 4 + χ 1, correspond-
ing to a cylinder. The intersecting lines of the two surfaces
pass through each other to form a double-helix, as shown in
Fig. 1(c). Moreover, because of the periodicity of the Bril-
louin zone, the cylinder S2 folds into a torus. Correspond-
ingly, the double-helix structure folds into a Hopf link (Fig.
1(b)). Such a “double-helix nodal link” (DHNL) possesses a
nonzero linking number, so the nodal loops cannot shrink to a
point without crossing each other.
Symmetry analysis.—In general, the nodal lines in
TNLSMs are stabilized by extra symmetries imposed on the
Hamiltonian [14]. This situation should also be true for
our model. For a system without spin-orbit coupling, the
time reversal operator T acts on the Hamiltonian through
T H(k)T −1 = H∗(−k), and the spatial inversion operator
P reverses the momentum as PH(k)P−1 = H(−k). The
semimetal phase with DHNL breaks both T and P symme-
tries, as follows:
[H, T ] 6= 0, [H,P] 6= 0. (2)
Moreover, it does not have reflection symmetry R about
any plane. Thus, our scheme differs from those of existing
TNLSMs, in which at least one of these three symmetries ex-
ists [30–40]. However, without individual P, T ,R symme-
tries, the system retains combined PT symmetry [51, 52] as
[H(k),PT ] = H(k), (3)
which reflects the reality of the Hamiltonian. In addition, the
Hamiltonian (1) respects chiral symmetry, which can be de-
scribed by the anticommutation relation as
{H(k),Γ} = 0, (4)
where the chiral operator Γ = iσy corresponds to twofold
spin rotation. The Γ symmetry guarantees that the eigenstates
|u±(k)〉 with opposite energies always exist in pairs. Both
symmetries forbid the dy(k)σy term to enter H(k), which
is essential for the stability of the DHNL. The difference be-
tween these two symmetries is that the Γ symmetry simultane-
ously excludes the energy term d0(k)σ0 (where σ0 is the unit
matrix), whereas the PT symmetry does not. As a result, the
chiral symmetry not only stabilizes the DHNL, it also restricts
its energy to zero.
Band topology and surface states.—In addition to its novel
geometric configuration, the DHNL also exhibits nontrivial
topology. Each of the two nodal lines of the DHNL carries a
pi Berry flux in the Brillouin zone. Therefore, if one were to
travel along any closed path encircling one of the nodal lines,
the accumulated geometric phase would be equal to pi. To
demonstrate this, we first prove the stability condition for the
DHNL, that is, the Berry curvature Ω(k) generically vanishes
for nondegenerate points [14]. Away from the DHNL, the
Berry curvature for the valence band can be defined as
Ω−µ (k) = iµνλ〈∂νu−(k)|∂λu−(k)〉, (5)
where |u−(k)〉 is the periodic part of the Bloch wave function,
∂ν denotes ∂/∂kν , and µνλ is the Levi-Civita` antisymmetric
tensor. Due to the chiral symmetry (4), if |u−(k)〉 is the wave
function for the valence band, |u+(k)〉 = σy|u−(k)〉 must
be the eigenstate of the conduction band. A direct calculation
shows that the Berry curvature of the valence band is equal to
that of the conduction band for a given k, Ω−(k) = Ω+(k).
By using the local conservation law for the Berry curvature
[53] Ω−(k) + Ω+(k) = 0, we obtain
Ω−(k) = Ω+(k) = 0. (6)
This indicates that if a nonzero distribution of the Berry cur-
vature exists in the Brillouin zone, it must be strictly localized
along the DHNL. Then we may choose an arbitrary integral
loop enclosing a single nodal line to calculate the Berry phase.
Without loss of generality, we can choose the integral
loop of ` → C1 → C → C2, as indicated by the ar-
rowed lines in Fig. 2(a). This loop is composed of two
line segments parallel to the y axis (` and C) and two seg-
ments parallel to the x axis (C1 and C2). The two x-
axis paths C1 and C2 are equivalent, but oriented in oppo-
site directions; therefore, their contributions cancel out [54].
Such a scheme benefits subsequent discussion on the sur-
face states. We can regard kx and kz as parameters and de-
rive the Berry phase of the effective one dimensional model
along the y direction. The wave function of the valence
band is |u−(k)〉 =
(
sgn(dx)
√
1−cos θ
2 ,−
√
1+cos θ
2
)T
, where
cos θ = −dz/
√
d2x + d
2
z . The Berry phase can be obtained as
[55]
γ = i
∫ pi
−pi
dky〈u−(k)|∂ky |u−(k)〉
=
i
2
∫ pi
−pi
dky
[
∂ky ln sgn(dx)
]
(1− cos θ), (7)
in which the integral path ` is parallel to the y axis, as shown
in Fig. 2(a). A nonzero contribution to the integral may come
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FIG. 2: (Color online). (a)-(c) Projection of the surface S2 with different values of χ (circle for χ < 0, square for χ = 0, and circle centered
around kx = ky = pi for χ > 0) in the kx − ky plane. The integral paths ` → C1 → C → C2 are indicated by the arrowed lines. (d)-(f)
Berry phase distribution in the projected surface Brillouin zone as a function of kx and kz , with values of χ corresponding to those in (a)-(c),
respectively. (g)-(i) Surface states at open boundaries in the y direction.
from the ky-dependent sign change of dx(k), so the integral
can be written in the neighborhood of two real roots ky =
k1, k2 of the equation sin ky = sin kx tan kz . In this case, we
have cos θ|ky=k1,2 = −sgn(dz), and Eq. (7) reduces to
γ =
i
2
∑
j=1,2
∫ kj+δ
kj−δ
dky
[
∂ky ln sgn(dx)
]
×[1 + sgn(2 cos kx + 2 cos kj + χ)]. (8)
For given values of kx and kz , the real roots k1,2 correspond
to the crossing points of ` and S1. Once ` passes through S1,
it contributes a pi phase to the integral. Because k1,2 must
either exist as a pair or not at all, ` may pass through S1 either
twice or never, and thus, the Berry phase is zero if there are
no additional constraints. The second factor in the integral
incorporates an additional constraint, 2 cos kx+2 cos kj+χ >
0, which ensures that the integral is inside S2. Under this
restriction, the path ` may cross S1 only once, resulting in a
nontrivial Berry phase.
From this geometric viewpoint, it can be seen that the con-
figuration of S1 and S2 determines the Berry phase distri-
bution in the kx − kz plane. When projected to the surface
Brillouin zone, the DHNL defines the boundaries between the
topologically trivial (γ = 0) and nontrivial (γ = ±pi) re-
gions. This can be verified by the numerical results of Eq.
(8), as shown in Fig. 2(a)-(f). For χ < 0, S2 is a closed
cylinder with a central axis located at kx = ky = 0 (Fig.
2(a)). The area with nontrivial topology is encircled by the
projected DHNL on the surface Brillouin zone (Fig. 2(d)).
Because of its double-helix structure, the neighboring non-
trivial regions have opposite Berry phases. As χ increases,
the area surrounded by S2 expands, as does the topologically
nontrivial area. At the critical point, χ = 0, the surface S2
meets the Brillouin zone boundary (Fig. 2(b)). At this point,
the topologically nontrivial area reaches its maximum, which
occupies half of the Brillouin zone (Fig. 2(e)). If χ increases
further, S2 is opened, as shown in Fig. 2(c). In this case, the
area defined by 2 cos kx + 2 cos kj + χ > 0 is surrounded
by both S2 and part of the Brillouin zone boundaries. For
|kx| < cos−1(1 − χ/2), there is no constraint on the interval
of the integration in Eq. (8). Therefore, the Berry phase equals
zero in this region, as shown in Fig. 2(f). This is equivalent
to a cylinder centered at kx = ky = pi, at which the nodal
lines are confined. Considering that the topologically trivial
and nontrivial regions are separated by the projection of the
DHNL, we may choose the integral paths ` and C, located
on opposite sides of the DHNL, such that the integral exactly
equals the pi Berry flux of each nodal line. This demonstrates
4the nontrivial band topology of the semimetal phase.
The nontrivial topology of the DHNL suggests the exis-
tence of surface flat bands in the projected surface Brillouin
zone [14]. By performing a Fourier transformation on the
Bloch Hamiltonian (1) in the y direction, the energy bands
with open boundaries in the y direction can be calculated. The
two bands closest to zero energy are shown in Fig. 2(g-i) for
different values of χ. The flat bands coincide with the re-
gions where γ = ±pi, suggesting that these zero modes are
topologically protected. We also calculated the Berry phase
integral along the x direction, and its distribution was found
to match the surface flat bands [50]. Because this system does
not have C4 rotational symmetry, the Berry phase distribution
calculated along the x and y directions are different. More-
over, by introducing an additional term into dx in Eq. (1), the
DHNL can be unlinked, which is characterized by the Berry
phase distribution and the surface flat bands [50]. The proper-
ties of the surface states for different configurations of nodal
loops and trivially-linked nodal loops were also discussed in
the Supplemental Material [50].
Experimental realization with cold atoms in optical
lattices.—The high controllability of ultracold atoms in op-
tical lattices makes them a suitable platform for the investi-
gation of exotic physics [56]. Many novel techniques have
been developed for use with these systems, such as laser-
assisted tunneling [57], optical lattice shaking [58], Raman
transition tunneling [59], atomic interferometry [60, 61], and
Bragg scattering [62]. These techniques can be used to em-
ulate physical phenomena that are difficult to realize in solid
materials. Here, we present a scheme to realize and detect
the topological semimetal with DHNL using cold atoms in an
optical lattice. A tight-binding Hamiltonian can be defined as
H = −t1
∑
i
[c†iσzci+xˆ + c
†
iσzci+yˆ] +H.c.
+t2
∑
i
[e−
pi
2 ic†iσxci+yˆ+zˆ + e
−pi2 ic†iσxci+yˆ−zˆ] +H.c.
+t2
∑
i
[c†iσxci+xˆ+zˆ − c†iσxci+xˆ−zˆ] +H.c.
+χ
∑
i
c†iσzci (9)
where the lattice constant is set to unity, and xˆ, yˆ, zˆ are the
primitive lattice vectors. The operators ci,σ are defined in
the Wannier representation wi(r) at the lattice site i, with
pseudospin σ =↑, ↓ representing two intrinsic atomic states.
The Bloch Hamiltonian (1) can be recovered by performing
a Fourier transformation on Eq. (9), and setting the hopping
coefficients to t1 = 1, and t2 = 1/4.
To achieve the Hamiltonian (9), we chose two hyperfine
spin states |1,−1〉 and |1, 0〉 of 87Rb as the pseudospins in our
model, and constructed a spin-dependent cubic optical lattice
using several lasers to trap two pseudospin atoms. The lat-
tice potential along the z direction was sufficiently deep, such
that the hopping along the z direction was negligibly weak
[63]. The optical lattice shaking technique was applied to the
spin-down optical lattice, which resulted in the renormaliza-
tion of the hopping coefficient of the spin-down atoms with
a negative sign [58]. Hence, the hopping coefficients of the
spin-up and spin-down atoms in the x-y plane had opposite
signs. Equal hopping strengths for both spins can be achieved
by fine-tuning the depths of the two optical lattices. The Zee-
man term in Eq. (9) can be constructed and tuned by applying
an external magnetic field along the z direction. The diago-
nal spin-flip hopping in the y-z and x-z planes, as shown in
the second and third lines of Eq. (9), can be achieved using
two groups of Raman fields [50]. By properly designing the
Raman lattices, onsite and nearest-neighbor spin-flip hopping
are forbidden. The hopping-accompanying phase in the y-z
plane can be achieved by tilting a pair of Raman lasers at an
appropriate angle from the y axis in the y-z plane [50].
The configuration of the DHNL and the attached Berry flux
can be measured using an interferometric technique with high
momentum resolution [60, 61]. The energy band of the sur-
face states can be probed by Bragg spectroscopy [62].
Note added.—After submitting our manuscript for review,
we became aware of the works by Yan et al. [64].
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6I. SUPPLEMENTAL MATERIAL FOR “TOPOLOGICAL SEMIMETALS WITH DOUBLE-HELIX NODAL LINK”
A. Derivation of the Hamiltonian from the method of Hopf map
In general, a two-band Hamiltonian (trivial energy shift term neglected) in three dimensions can be written as
H(k) = dx(k)σx + dy(k)σy + dz(k)σz (S.1)
(dˆx(k), dˆy(k), dˆz(k)) = (dx(k), dy(k), dz(k))/|d(k)| is actually a mapping from T 3 to S2, which is characterized by the
Hopf number. In order to construct such a map, we define a CP 1 field as z(k) = (z1(k), z2(k))T with z1(k) = N1(k) +
iN2(k), z2(k) = N3(k) + iN4(k), where
N1(k) = cos kz, N2(k) = sin kz
N3(k) = −1
2
(sin kx cos kz sin kz − sin ky cos2 kz) + 1
2
sin kz
√
(8 cos kx + 8 cos ky + 4χ+ 4)− (sin kx sin kz − sin ky cos kz)2
N4(k) = −1
2
(sin kx sin
2 kz − sin ky cos kz sin kz)− 1
2
cos kz
√
(8 cos kx + 8 cos ky + 4χ+ 4)− (sin kx sin kz − sin ky cos kz)2
The Hopf maps can be classified by the Hopf number defined as [1–5]
Γ =
1
2pi2
∫
BZ
dkabcdNˆa∂kxNˆb∂kyNˆc∂kzNˆd (S.2)
where Nˆi = Ni/
√∑4
j=1N
2
j . In order to derive our Hamiltonian, we define di(k) = z
†(k)σiz(k), then we have
dx(k) = sin ky cos kz − sin kx sin kz (S.3)
dy(k) = − sin(2kz)
√
(8 cos kx + 8 cos ky + 4χ+ 4)− (sin kx sin kz − sin ky cos kz)2 (S.4)
dz(k) = 2 cos kx + 2 cos ky + χ (S.5)
For a system with PT symmetry, the Hamiltonian can be written as
HPT (k) = dx(k)σx + dz(k)σz (S.6)
where the σy term is forbidden by PT symmetry. For the Fermi surface, it is required to satisfy
dx(k) = dz(k) = 0 (S.7)
It is easy to verify that the solution of Eq.(S.7) should be loops in the 3D Brillouin zone. From the Hopf map, one can find
that these loops may map into two points (0,±1, 0) on S2. Therefore, there exists two possible loops mapping into two points,
respectively. The link relation of two loops can be characterized by the Hopf number Γ.
B. Berry phase integral in the x direction and surface states
We chose the integral path ` in Eq. (7) of the main text to be parallel to the x axis. Hence, the Berry phase can be calculated
by
γ = i
∫ pi
−pi
dkx〈u−(k)|∂kx |u−(k)〉
=
i
2
∫ pi
−pi
dkx
[
∂kx ln sgn(dx)
]
(1− cos θ), (S.8)
which can be further reduced as below:
γ =
i
2
∑
j=1,2
∫ k′j+δ
k′j−δ
dkx
[
∂kx ln sgn(dx)
]
×[1 + sgn(2 cos ky + 2 cos k′j + χ)], (S.9)
where kx = k′1, k
′
2 are the two real roots of the equation sin kx = sin ky cot kz . The distributions of the Berry phase in the
projected surface Brillouin zone for different values of χ are shown in Fig. S.1(a)-(c). The corresponding surface states are
presented in Fig. S.1(d)-(f), where the flat bands indicate the region with a nontrivial Berry phase.
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FIG. S.1: (Color online). (a)-(c) Berry phase distributions in the projected surface Brillouin zone as a function of ky and kz , corresponding to
χ = −3, 0, and 2, respectively. (d)-(f) Corresponding surface states on the open boundaries in the x direction.
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FIG. S.2: (Color online). (a)-(c) Berry phase distributions in the projected surface Brillouin zone as a function of kx and kz , corresponding to
λ = 0.5, 1, and 1.5, respectively. (d)-(f) Corresponding surface states on the open boundaries in the y direction.
C. Unlinking of the double-helix nodal link
In order to investigate the linking-unlinking transition of the nodal lines, an additional term λ sin ky is introduced into dx in
Eq. (1) of the main text. The physical meaning of this term is the nearest-neighbor spin-flip hopping along the y direction. The
Berry phase distributions and the corresponding surface states as a function of kx and kz are shown in Fig. S.2. As λ < 1, two
nodal lines are linked, so that the projection of them possesses two intersection points, as shown in Fig. S.2(a) and (d). When λ
reaches 1, the projection of the nodal lines touch at a single point, as shown in Fig. S.2(b) and (e). As λ > 1, the two nodal lines
are unlined, and they are topologically equivalent to two isolated loops. As a result, the projection of them has no intersection
point, and the surface flat band is topologically equivalent to a Corbino disk because of the periodicity of the Brillouin zone, as
shown in Fig. S.2(c) and (f).
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FIG. S.3: (Color online). Schematic figure of the nodal loops and the surface flat bands in the projected surface Brillouin zone. The nodal
loops can be (a) isolated, (b) crossing, (c) nontrivially linked and (d) trivially linked.
D. Discussion on the surface states for different configurations of nodal loops and trivially-linked nodal loops
The configurations of the nodal loops can be well reflected by the surface states as shown in the Fig. S.3. For a single nodal
loop carrying nontrivial Berry phase, it results in surface flat bands nestled inside its projection in the surface Brillouin zone.
When there are two nodal loops, the projection of them depends on the surface orientation. The difference between isolated,
crossing and linked nodal loops is that, for isolated and crossing ones, there exists a surface orientation, in which the projection
of the nodal loops are isolated or touching at a single point; while for the linked ones, the number of intersection points is always
two. As a result, the least number of the intersection points of surface flat bands is 0, 1 and 2 for the isolated, crossing and linked
cases as shown in the Fig. S.3 (a), (b) and (c).
In the nontrivially linked case of our work, the surface flat bands disappear in the intersection area of the projection of the
nodal loops as shown in Fig. S.3 (c). For the trivially linked case, two nodal loops can be tuned independently, which come from
two decoupled sets of bands, so that the surface flat bands become doubly degenerate in the intersection area as shown in Fig.
S.3 (d).
E. Experimental realization using cold atoms in optical lattices
The tight-binding Hamiltonian (9) in the main text can be written as H = Hxy +Hxz +Hyz +HZeeman, with
Hxy = −t1
∑
i
[c†iσzci+xˆ + c
†
iσzci+yˆ] +H.c.
Hyz = t2
∑
i
[e−
pi
2 ic†iσxci+yˆ+zˆ + e
−pi2 ic†iσxci+yˆ−zˆ] +H.c.
Hxz = t2
∑
i
[c†iσxci+xˆ+zˆ − c†iσxci+xˆ−zˆ] +H.c..
HZeeman = χ
∑
i
c†iσzci
(S.10)
9FIG. S.4: (Color online). Atomic levels of 87Rb and the Raman lasers used in the present study.
Basic experimental setup: In our model, we chose two hyperfine spin states |1,−1〉 and |1, 0〉 of 87Rb as the pseudospin
states | ↑〉 and | ↓〉 [6]. Cold atoms 87Rb were trapped in a spin-dependent cubic optical lattice with a lattice potential of
Vσ(r) = −V1,σ
[
cos2(pixax )+cos
2(piyay )]−V2,σ cos2(pizaz ), where ax,y,z are the lattice constants along the x, y, z directions, which
can be constructed using several pairs of lasers.
Construction of HZeeman: The Zeeman term HZeeman can be constructed and tuned by applying an external magnetic field
along the z direction, which results in an energy difference of 2χ between the spin-up and spin-down states.
Construction of Hxy: The lattice potential along the z direction is chosen such that it is deep enough that hopping along the
z direction is negligibly weak, and thus the hopping term along the z direction can be neglected and only the nearest-neighbor
hopping terms in the x-y plane are allowed. The corresponding hopping strength in the x-y plane can be written as t1,σ =∫
dr3w∗i (r)
[
p2/(2m) + Vσ(r)
]
wi+xˆ(yˆ)(r), where wi(r) is a Wannier function centered at site i. The lattice shaking technique
can be applied to the spin-down optical lattice, which results in the renormalization of the hopping coefficient of spin-down atoms
with a negative sign, such as t′1,↓ = −κt1,↓, where κ is a positive renormalization coefficient[7]. The renormalization coefficient
can be fined-tuned by properly choosing the depths of the spin dependent optical lattices, such that t′1,↓ = −t1,↑ = −t1 in Hxy .
Construction of Hxz: Hxz describes the diagonal spin-flip hopping in the x-z plane, which can be constructed using Raman
transitions, as shown in Fig.S.4. We chose the excited state |F,−1〉 as the intermediate state, which provides a Raman transition
channel between the ground states |1,−1〉 and |1, 0〉 using two Raman laser fields. One of the Raman fields is a standing wave
E1z = xˆE1 sin(k1z) formed by a pair of oppositely propagating lasers in the z direction, with a frequency of ω1 = ck1 (where
c is the speed of light in vacuum) and exhibits linear polarization along the x axis. This field induces the transition between the
|1, 0〉 and |F,−1〉 states. The other Raman laser field is a standing wave E1x = zˆE1 sin(k2x) formed by a pair of oppositely
propagating lasers in the x direction, with a frequency of ω2 = ck2 and linear polarization along the z axis. This field results
in the transition between states |1,−1〉 and |F,−1〉. To avoid pumping atoms to the intermediate state, the frequencies ω1
and ω2 were chosen to have a large detuning ∆1 from the energy differences between the ground states and the intermediate
state. The frequency difference δω = ω1 − ω2 was set to match the Zeeman splitting between the |1,−1〉 and |1, 0〉 states.
We set k1 = 2pi/az and k2 = 2pi/ax by fine-tuning the frequencies of the Raman lasers to ensure that the Raman lattice
matches the optical lattice, as shown in Fig.S.5(a). The Raman potential, which induces spin-flip transitions, takes the form of
M1(r) =M1 sin(2pix/ax) sin(2piz/az), whereM1 ∝ E21 [6]. The profile of the Raman potential in the x-z plane is shown in
Fig.S.5(a). The Raman potential has opposite signs along the two diagonal directions, such that the amplitude of the on-site spin-
flip transition vanishes and the nearest-neighbor spin-flip hopping terms in the x-z plane are forbidden. However, the Raman
potential induces spin-flip hopping along the diagonal directions in the x-z plane. The hopping coefficients of the two diagonal
hopping terms have opposite signs, such that txz =
∫
dr3w∗i (r)M1(r)wi+xˆ+zˆ(r) = −
∫
dr3w∗i (r)M1(r)wi+xˆ−zˆ(r). txz = t2
in Hxz can be achieved by tuning the amplitude E1 of the Raman lasers.
Construction of Hyz: Hyz describes the diagonal spin-flip hopping with an accompanying phase in the y-z plane, which
can be constructed by an additional Raman transition channel via the intermediate state |F, 0〉, as shown in Fig.S.4. One of
the Raman laser fields is a standing wave E2z = yˆE2 sin(k4z) formed by a pair of lasers oppositely propagating in the z
direction, with a frequency of ω4 = ck4 and liner polarization along the y axis. This field induces the transition between
states |1,−1〉 and |F, 0〉. The other Raman laser field is formed by two non-collinear lasers propagating in the y-z plane, with
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FIG. S.5: (Color online). (a) Profile of the Raman potential M1(r) in the x-z plane. (b) Intensity of the Raman potential M2(r) in the y-z
plane. The filled circles represent the lattice sites of the optical lattice.
frequency ω3 = ck3. The two lasers are described by E±2y =
1
2 (zˆ cos θ ± yˆ sin θ)E2e±i[(k3y cos θ∓k3z sin θ)−pi/2], where θ is the
included angle between the lasers and the y axis. The two lasers form the field E2y = E+2y + E
−
2y = E
(z)
2y + E
(y)
2y , where
E
(z)
2y = zˆ cos θE2 sin(k3y cos θ)e−ik3z sin θ and E(y)2y = yˆ sin θE2 cos(k3y cos θ)e−i(k3z sin θ+pi/2). The laser field E(z)2y results in
the transition between states |1, 0〉 and |F, 0〉. To avoid pumping atoms to the intermediate state, the frequencies ω3 and ω4 were
chosen to exhibit a large detuning ∆2 from the energy differences between the ground states and the intermediate state. The
Raman potential is M2(r) = M2 sin(k3y cos θ) sin(k4z)e−ik3z sin θ, where M2 ∝ E22 cos θ[6]. The hopping-accompanying
phases can be achieved by adjusting the angle θ to satisfy the equality k3 sin θ = pi/2az . To ensure that the optical lattice
matches with the Raman lattice, we set k3 cos θ = 2pi/ay by tuning the lattice constant ay in the y direction. The difference
between ω1 and ω4 is significantly less than ω1 and ω4. Therefore, the difference between k1 and k4 can be neglected, which
gives k4 = 2pi/az . The Raman potential can be rewritten asM2(r) =M2 sin(2piy/ay) sin(2piz/az)e−ipiz/2az . The intensity of
M2(r) in the y-z plane is shown in Fig.S.5(b), which indicates that the amplitude of the on-site spin-flip transition is vanishing
and the nearest-neighbor spin-flip hopping terms in the y-z plane are negligible. The diagonal hopping coefficients in the y-z
plane are tyze−ipi/2 =
∫
dr3w∗i (r)M2(r)e
−ipiz/2azwi+yˆ+zˆ(r) =
∫
dr3w∗i (r)M2(r)e
−ipiz/2azwi+yˆ−zˆ(r). tyz = t2 inHyz can
be achieved by tuning the amplitude E2 of the Raman lasers.
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